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Abstract
Hypergraph states are multiqubit states whose combinatorial descrip-
tion and entanglement properties generalize the well-studied class of graph
states. Graph states are important in applications such as measurement-
based quantum computation and quantum error correction. The study of
hypergraph states, with their richer multipartite entanglement and other
nonlocal properties, has a promising outlook for new insight into multipar-
tite entanglement. We present results analyzing local unitary symmetries
of hypergraph states, including both continuous and discrete families of
symmetries. In particular, we show how entanglement types can be de-
tected and distinguished by certain configurations in the hypergraphs from
which hypergraph states are constructed.
1 Introduction
The idea of harnessing quantum systems to perform computational tasks, sug-
gested by Feynman in 1982 [1] and propelled to mainstream attention in physics,
mathematics, and computer science with Peter Shor’s discovery of a quantum
factoring algorithm in 1994 [2], still faces engineering hurdles to full-scale prac-
tical implementation. In the meantime, theoreticians have developed schemes
for quantum computation and error correction that will, in principle, carry out
quantum algorithms while protecting against noise and decoherence. Important
among these methods is the so-called 1-way quantum computation that exploits
multiqubit states called graph states as resources in computational protocols [3].
An appealing feature of graph states is their conceptually simple construction:
given a graph on n nodes or vertices, one prepares a product state of n qubits,
and then one applies a 2-qubit entangling operation to pairs of the qubits as
specified by the edges of the given graph. All of these 2-qubit gates are the
same (the controlled-Z gate, described below). Remarkably, this simple recipe is
enough to create resource states rich enough for universal quantum computation
and sufficiently robust encoding to implement quantum algorithms subject to
realistic noise models [3].
A number of recent papers [4, 5, 6, 7, 8, 9] consider a natural generalization of
graph states called hypergraph states. As with graph states, there is an underly-
ing combinatorial object—the hypergraph—and construction rules for turning
hypergraphs into multiqubit quantum states requiring only one kind of multi-
party entangling gate (the generalized controlled-Z gates). The simplicity of
graph and hypergraph states supports plausibility arguments for experimen-
tal realization; an entanglement purification protocol that produces hypergraph
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states (Carle et al. [10]) provides concrete evidence supporting this view. At the
same time, graph and hypergraph states have rich nonlocal properties. The cod-
ing theory of graph states has led to the development of the so-called stabilizer
formalism—the theory of the discrete Pauli tensor group [11]. Recent work of
Makmal et al. [12], who show that the NP-complete SAT problem can be solved
efficiently if one has access to a black box that can determine whether an input
hypergraph state is a product, demonstrates the nontriviality of hypergraph
states.
In this paper, we study entanglement properties of hypergraph states. A basic
question at the heart of understanding entanglement is that of local unitary
(LU) equivalence: given hypergraph states arising from different hypergraphs,
can one be transformed to the other by local unitary operations? A special case,
already nontrivial, is whether a given hypergraph state can be transformed by
local unitary operations into a graph state. More generally: what, precisely,
are the equivalence classes of hypergraph states under the action of the local
unitary group?
While there are solutions to the problem of LU equivalence, many questions of
entanglement classification and operational meaning remain. Kraus[13, 14] and
Martins [15] give criteria and describe algorithms which determine whether two
input states are LU equivalent. However, these methods do not provide a clas-
sification of LU equivalence classes, nor do they address operational questions
of entanglement properties of states. Recent work of Gu¨hne et al. [8] establishes
the beautiful result that for a generic class of hypergraph states (that also meet
some specific criteria), two states are local unitary equivalent if and only if they
are local Pauli equivalent. This is striking in light of the history of the “LU-
LC conjecture” which says that two graph states are local unitary equivalent if
and only if they are local Clifford equivalent. The subtlety of the failure of the
LU-LC conjecture is reflected in the nontriviality of the counterexamples [16].
Thus there is reason to expect that the LU equivalence story for hypergraphs
will not be a simple one.
This paper presents several avenues of investigation of the local unitary action
on hypergraph states. While we do not claim an exhaustive analysis, we develop
tools and establish results that add to what is known and point to future inves-
tigations. After preliminary sections 2 and 3, we give results on the LU action
on and LU symmetries of hypergraph states in sections 3 and 4. We examine
discrete symmetries of permutationally invariant hypergraph states in section 6,
and describe density matrices of subsystems of hypergraph states in section 7,
addressing the problem of reconstructing an n-qubit hypergraph state from a
given reduced density matrix.
2 Hypergraphs and hypergraph states
A hypergraph is a pair G = (V,E) where V is a finite set of vertices and E is
a collection of subsets of V called the hyperedges of G. Given a hypergraph G
with n vertices labeled 1, 2, . . . , n, we define the corresponding n-qubit quantum
hypergraph state |ψG〉 by
|ψG〉 :=
(∏
e∈E
Ce
)
|+〉⊗n (1)
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4
1
2
3
|ψ〉 = C12C234 |+〉⊗4
= |0000〉+ |0001〉+ |0010〉+ |0011〉+ |0100〉
+ |0101〉+ |0110〉+ |1000〉+ |1001〉+ |1010〉+ |1011〉
− |0111〉 − |1100〉 − |1101〉 − |1110〉+ |1111〉
Figure 1: Example: a hypergraph and its corresponding state. Red and blue
(color version) match the hyperedges, the Ce gates, and the ket vectors on which
they act. Both gates act on qubit 2 in the last term |1111〉.
where Ce denotes the generalized controlled-Z operator, defined by its action on
the computational basis vector |I〉 = |i1i2 · · · in〉 (each ik = 0, 1) as follows.
Ce |I〉 := (−1)
∏
k∈e ik |I〉 (2)
We will use the notation ∧eI to denote the product
∏
k∈e ik (thinking of mul-
tiplying 0’s and 1’s as the logical ‘and’ operation on the bits of I in the subset
given by e), so that (2) has the more compact form
Ce |I〉 = (−1)∧eI |I〉 . (3)
Said another way, Ce applies the operator
1− 2(|1〉 〈1|)⊗|e| (4)
to qubits in the hyperedge e, and applies the identity on remaining qubits. See
Figure 1 for an example.
For a hyperedge with only a few vertices, say e = {a, b, c}, we will write Cabc
instead of the more cumbersome C{a,b,c}. In particular, Ck is the same as the
1-qubit operator Zk, and Cab is the ordinary controlled-Z operating on qubits
a, b (hence the name “generalized controlled-Z”).
We say a hypergraph or its corresponding state is m-uniform if all hyperedges
contain exactly m vertices. In this language, a graph is a 2-uniform hypergraph
for which all of the Ce operators are ordinary controlled-Z gates.
It is convenient to introduce notation for computational basis vectors that have
0’s and 1’s in specified positions. Given a subset S ⊆ {1, 2, . . . , n} of vertices,
we write |1S〉 to denote the computational basis vector that has 1’s in positions
given by S and 0’s elsewhere (for the special case when |S| = 1, say S = {b}, we
write |1b〉 instead of the more cumbersome
∣∣1{b}〉). The utility of this notation
derives from the following elementary observation.
Ce |1S〉 =
{ − |1S〉 if e ⊆ S
|1S〉 otherwise (5)
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We conclude this section with two useful expressions for |ψG〉. Using
√
2n |+〉⊗n =
∑
I
|I〉 =
∑
S⊆{1,...,n}
|1S〉 (6)
we apply (3) and (5), respectively, to the definition (1) to obtain the following.
√
2n |ψG〉 =
∑
I
(−1)
∑
e∈E ∧eI |I〉 (7)
=
∑
S⊆{1,...n}
(−1)#{e∈E : e⊆S} |1S〉 (8)
3 The local unitary group and algebra
Let G = U(1)× SU(2)× · · · × SU(2)︸ ︷︷ ︸
n factors
denote the local unitary (LU) group5 for
n-qubit states, where an element g = (eit, g1, . . . , gn) in G acts on an n-qubit
pure state |ψ〉 by
|ψ〉 → eitg1 ⊗ · · · ⊗ gn |ψ〉 .
Let g = u(1) ⊕ su(2) ⊕ . . . ⊕ su(2) denote the Lie algebra of G. Here, u(1) is
the set of imaginary numbers (the Lie algebra of the group U(1)), and su(2) is
the set of 2 × 2 skew-hermitian matrices (the Lie algebra of the group SU(2)).
For su(2) we use the basis iX, iY, iZ (i times the Pauli matrices X,Y, Z), and
we write
i
(
θ +
n∑
k=1
(rkXk + skYk + tkZk)
)
(9)
to denote a general element of g, where θ, rk, sk, tk are real andXk, Yk, Zk denote
Pauli X,Y, Z (respectively) acting in the kth position.
Given a state |ψ〉, we write Stabψ to denote the LU stabilizer subgroup (also
called the LU symmetry group)
Stabψ = {g ∈ G : g |ψ〉 = |ψ〉}
and we write Kψ to denote the LU stabilizer subalgebra
Kψ = {M ∈ g : M |ψ〉 = 0}
which is the same as the Lie algebra of the group Stabψ. [Note: Solving equa-
tions of the form M |ψ〉 = 0, it does not matter whether we consider skew-
hermitian M ∈ Kψ or hermitian 1iM . For this reason, we omit a factor of i in
LU stabilizer algebra calculations when convenient.] The weight of an LU group
element g = (eit, g1, . . . , gn) or an LU algebra element M = (t,M1, . . . ,Mn) is
the number of the gk not proportional to the identity or the number of the Mk
that are nonzero, respectively.
Our chief motivation for studying LU symmetry groups is their role in LU
equivalence and entanglement. If |ψ〉 , |ψ′〉 are LU equivalent, say |ψ′〉 = g |ψ〉
5Context will ensure that the symbol ‘G’, used in this section to denote the local unitary
group, will not be confused for a hypergraph in other sections.
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for some LU transformation g, then their LU stabilizer groups and algebras are
isomorphic via conjugation [17].
Stabψ′ = gStabψg
† (10)
Kψ′ = gKψg
† (11)
Thus (conjugacy classes of) symmetry groups and algebras constitute LU invari-
ants. If symmetry groups of two states differ in some property that is preserved
by conjugation, for example dimension, then the two states are not LU equiv-
alent. In this way, symmetry groups provide a means of course graining the
space of entanglement classes.
4 LU algebra action on hypergraph states
In this section we extend results of Zhang, Fan, and Zhou in their paper [18] to
hypergraph states. The proof is in the appendix.
(4.1) Proposition. Let |ψG〉 denote an n-qubit hypergraph state with hyper-
graph G = (V,E) with vertex set V and hyperedge set E. The actions of Xa, Ya
on |ψG〉 are given by the following.
Xa |ψG〉 =
∏
e : a∈e
Ce\a |ψG〉 (12)
Ya |ψG〉 = −iZa
∏
e : a∈e
Ce\a |ψG〉 (13)
It follows that the element
M = θ +
∑
a∈V
(raXa + saYa + taZa) (14)
acts on |ψG〉 by
|ψG〉 → ΦM |ψG〉 . (15)
where the operator ΦM is given by
ΦM := θ +
∑
a∈V
(
ra
∏
e : a∈e
Ce\a − isaZa
∏
e : a∈e
Ce\a + taZa
)
. (16)
For the sake of compactness, in what follows we write Pa to denote
Pa =
∏
e : a∈e
Ce\a (17)
so that equation (16) reads
ΦM := θ +
∑
a∈V
(raPa − isaZaPa + taZa) . (18)
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5 LU stabilizer algebra for hypergraph states
In this section we apply the Lie algebra action formulas of the previous section
to establish results about the stabilizer subalgebra KψG of a hypergraph state
|ψG〉. Later in the section we compare stabilizers for general hypergraph states
to the special case of graph states (graph states are hypergraphs for which all
hyperedges contain exactly two vertices) and draw some conclusions about LU
equivalence classes.
We begin with the observation that because |ψG〉 is a superposition of all the
computational basis vectors (with coefficients ±1/√2n) and ΦM acts diagonally
in this basis, we have ΦM |ψG〉 = 0 if and only if ΦM = 0. Separating real and
imaginary parts of (18), we have the following.
(5.2) Proposition. Let G = (V,E) be a hypergraph and let |ψG〉 be the corre-
sponding hypergraph state. The element M = θ +
∑
a∈V (raXa + saYa + taZa)
satisfies M |ψG〉 = 0, that is, iM ∈ KψG , if and only if the following two equa-
tions hold.
θ +
∑
a∈V
(raPa + taZa) = 0 (19)∑
a∈V
saZaPa = 0 (20)
We now apply (5.2) to hypergraph states for which all hyperedges have at least
three vertices. (The proof is in the appendix.)
(5.3) Theorem. Let G be a hypergraph such that all hyperedges contain at
least three vertices and let |ψG〉 be the corresponding hypergraph state. Then
every element in the stabilizer Lie subalgebra KψG is of the form
i
(
θ +
∑
k
rkXk
)
for some real θ, rk.
Given a qubit a and a hyperedge e containing a, we call e \ {a} a reduced set
for a. We say a subset S of the vertex set is a shared reduced set if it is the
reduced set for more than one vertex. The next proposition gives a criterion in
terms of reduced sets for when ra must be zero (the proof is in the appendix).
(5.4) Proposition. Let G be an m-uniform hypergraph for some m ≥ 3, with
corresponding hypergraph state |ψG〉. If a qubit b has a reduced set that is not
shared then rb = 0.
The previous proposition says that in order for an m-uniform hypergraph state
to have a nontrivial stabilizer algebra, there must be at least two qubits that
share reduced sets, that is, there must be some qubits a, b with hyperedges e
containing a and f containing b with e \ {a} = f \ {b} (see Figure 2). This
motivates the following definitions.
Given an m-uniform hypergraph G = (V,E) with m ≥ 3, we define the essen-
tial vertices to be the set Vˆ ⊆ V of vertices v in V for which every reduced
set is shared with some other vertex. We define the essential hyperedges to
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a b
Figure 2: Qubits a, b share reduced sets, and Pa = Pb.
ba c
d e
ba c
d
Figure 3: A hypergraph (left) and its essential hypergraph (right). Unlabeled
vertices are not essential because they have no shared reduced sets. Vertex e is
not essential because it has a reduced set that is not shared.
be the subsets of essential vertices, maximal with respect to the property that
every vertex in the hyperedge shares a reduced set with every other vertex in
the hyperedge. Let Eˆ denote the set of essential hyperedges. Finally, we define
the essential hypergraph for G to be the hypergraph Gˆ = (Vˆ , Eˆ). See Fig-
ure 3. The term “essential” is warranted in the sense that if a hypergraph state
(such that each hyperedge contains 3 or more vertices) has an empty essential
hypergraph, then that state has no nontrivial LU stabilizer algebra elements,
and thus has at most only discrete LU group symmetries.
Here is an example of a stabilizer result that has a natural phrasing in terms of
the essential hypergraph. (The proof is in the appendix.)
(5.5) Proposition. Suppose that |ψG〉 is an m-uniform hypergraph state for
some m ≥ 3, and for which the essential hypergraph Gˆ = (Vˆ , Eˆ) has exactly one
hyperedge. Then KψG has dimension |Vˆ |−1, with basis i(X1−Xj), 2 ≤ j ≤ |Vˆ |,
where 1, 2, . . . , |Vˆ | are the qubit labels for the essential vertices.
The assumption that there is one essential hyperedge implies that the underlying
hypergraph G has the configuration shown in Figure 4 (see the proof in the
appendix). This family of states demonstrates the existence of high dimensional
LU symmetry groups for hypergraph states.
Here is another result about essential hypergraphs. It demonstrates that, while
having a nonempty essential hypergraph is a necessary condition for the exis-
tence of a nonzero LU stabilizer algebra (for hypergraph states with hyperedges
all size 3 or more), it is not a sufficient condition. (The proof is in the appendix.)
(5.6) Proposition. Let |ψG〉 be a hypergraph state with hyperedges size 3 or
more. If the essential hypergraph Gˆ has at least 3 essential vertices, is 2-uniform
and connected (that is, Gˆ is a connected graph), and all reduced sets are shared
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b
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d
e
f
b
a c
d
e
f
Figure 4: A hypergraph (left) and its essential hypergraph (right) with high
dimensional LU symmetry group.
by at most two essential vertices, then KψG = 0.
We continue with a comparison to the case of graph states, that is, the sub-
class of hypergraph states for which all hyperedges contain exactly two vertices.
Zhang et al. [18] show that the local unitary stabilizer algebra for any graph
state is generated by weight 2 elements of the form Xa − Xb, Ya − Yb, and
Xa − Zb, which correspond to certain configurations in the underlying graph.
By contrast, we will show that hypergraph states can have stabilizer algebras
with generators of arbitrarily high weight. These weight considerations are
interesting because minimal generator weights can distinguish LU equivalence
classes and therefore entanglement classes (because the weight of an LU group
element or an LU algebra element is preserved by LU conjugation, the lowest
set of weights among all sets of generators of the LU symmetry group (or basis
elements of the LU stabilizer subalgebra) is an LU invariant).
Here is an example. Consider generalized controlled-Z gates in two qubits:
C1, C2, C1,2. It is elementary to check that the following linear relation among
their products holds.
−C1 − C2 + C1,2 + C1C2C1,2 = 0. (21)
By adding extra qubits and choosing appropriate hyperedges, we can real-
ize (21) as the operator ΦM for an appropriate M . Consider the vertex set
V = {1, 2, a, b, c, d}, let E be the collection of hyperedges
{a, 1}, {b, 2}, {c, 1, 2}, {d, 1}, {d, 2}, {d, 1, 2}
and let G = (V,E) (see Figure 5). These choices construct a hypergraph state
|ψG〉 such that the four operators Pa, Pb, Pc, Pd are equal to the four terms
C1, C2, C1,2, C1C2C1,2 in (21). Thus, for
M = −Xa −Xb +Xc +Xd (22)
we have ΦM equal to the left side of (21), so iM is an element of KψG. It is
an elementary check (if tedious by hand) to show that KψG is 1-dimensional, so
it has no generators of weight less than 4. We immediately conclude that this
hypergraph state cannot be LU equivalent to any graph state.
This construction generalizes as follows. Let P({1, . . . ,m}) denote the power
set of {1, 2, . . . ,m} and suppose there is a nontrivial linear relation∑
S⊆P({1,...,m})
cS
∏
e∈S
Ce = 0 (23)
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a
c d
2
b
1
Figure 5: 6-qubit hypergraph whose state has a 1-dimensional stabilizer gener-
ated by a weight 4 stabilizing element.
among products of operators Ce on m-qubit state space, with real coefficients
cS (here we set
∏
e∈∅ Ce = 1). Let G = (V,E) be the hypergraph given by
the following collections of vertices and hyperedges. The vertex set V consists
of vertices labeled 1 through m, together with a new vertex vS for each subset
S ⊆ P({1, . . . ,m}) for which the coefficient cS in (23) is nonzero. To construct
the hyperedges: for each S such that cS 6= 0, and for each element e ∈ S, form
the union vS ∪ e. To summarize, we have the following.
V = {1, 2, . . . ,m} ∪ {vS : S ⊆ P({1, . . . ,m}), cS 6= 0}
E = {vS ∪ e : e ∈ S, S ⊆ P({1, . . . ,m})}
By this construction, we have arranged that PvS =
∏
e∈S Ce, so that for
M =
∑
S
cSXS
we have ΦM equal to the left side of (23). Thus iM is a nontrivial element of
KψG .
Here is a summary statement of the preceding discussion.
(5.7) Proposition. Suppose that there is a nontrivial linear relation among
products of Ce operators acting on a set of qubits. Then by adding qubits and
choosing hyperedges in the augmented set of vertices, there is a hypergraph state
with a nontrivial local unitary algebra stabilizing element with the same number
of nonzero terms as in the linear relation among the Ce’s.
The construction summarized in (5.7) is not a one-to-one correspondence be-
tween the set of linear relations among products of generalized controlled-Z
gates and local unitary algebra elements. For example, consider the 4-qubit
hypergraph state with vertices 1, 2, 3, 4 and hyperedges 123, 124, 14, 24 (see Fig-
ure 6. The operators Z1, Z2, X3, X4 act by C1, C2, C1,2, C1C2C1,2, respectively,
so for M = −Z1−Z2+X3+X4 we have ΦM equal to the left side of (21), and
therefore iM is in the local unitary stabilizer algebra of this state. Thus the
relation (21) corresponds to (different) weight 4 stabilizing elements for distinct
states, one with 4 qubits and one with 6 qubits.
Next we show how to use (5.7) to construct hypergraph states with arbitrarily
high weight LU stabilizing elements, such that there are no lower weight sta-
bilizing elements. Once again we start with an example, and then generalize.
One can check that the following relation holds.
C234C341 − C341C412 + C412C123 − C123C234 = 0 (24)
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2
3 4
1
Figure 6: 4-qubit hypergraph whose state has a 1-dimensional stabilizer gener-
ated by a weight 4 stabilizing element.
b
c
d
43
12
a
Figure 7: 8-qubit hypergraph whose state has a 1-dimensional stabilizer gener-
ated by a weight 4 stabilizing element. Only the hyperedges containing qubit a
are shown. Qubits b, c, d each have two hyperedges that are 90 degree rotations
of those at a.
Applying the construction (5.7) yields an 8-qubit hypergraph state (see Figure 7)
with vertices a, b, c, d, 1, 2, 3, 4 and hyperedges
a234, a341, b341, b412, c412, c123, d123, d234
so that the resulting hypergraph state is stabilized by the LU algebra element
Xa −Xb +Xc −X4.
One can check (in principle by hand, but more easily with a computer algebra
system) that KψG is 1-dimensional, so we conclude that KψG has no generators
of weight less than 4.
The relation (24) is the specific case r = 2 of the following (the proof is in the
appendix).
(5.8) Proposition. Let r ≥ 2 be a positive integer and let S denote the set
{1, 2 . . . , 2r}. Then we have the following relation among products of 2r-qubit
controlled-Z gates.
r∑
j=1
(
CS\{2j−1}CS\{2j} − CS\{2j}CS\{2j⊕1}
)
= 0 (25)
where ‘⊕’ denotes addition mod 2r (so that 2r ⊕ 1 = 1).
Applying the construction (5.7) to (25), yields a 4r-qubit hypergraph state with
vertices
1, 2, . . . , 2r, a1, b1, a2, b2, . . . , ar, br (26)
and hyperedges
aj ∪ (S \ {2j − 1}) , aj ∪ (S \ {2j}) , bj ∪ (S \ {2j}) , bj ∪ (S \ {2j ⊕ 1}) (27)
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a1
b1
a2
b2
br
outer qubits ak, bk
inner hub qubits 1 to 2r
a1
b1
a2
b2
br
Figure 8: 4r-qubit hypergraph (left) whose state has a 1-dimensional stabilizer
generated by a weight 2r stabilizing element. Each outer qubit ak, bk is con-
tained in 2 hyperedges, generalizing the detail in Figure 7. The corresponding
essential hypergraph (right) is the 2r-gon.
for 1 ≤ j ≤ r, so that the resulting hypergraph state is stabilized by the weight
2r LU algebra element
(Xa1 −Xb1) + (Xa2 −Xb2) + · · ·+ (Xar −Xbr ). (28)
The essential hypergraph Gˆ for this state is a 2-uniform 2r-gon where essen-
tial hyperedges connect adjacent pairs in the list a1, b1, a2, b2, . . . , ar, br. See
Figure 8.
It remains to be shown that the weight of this stabilizing element (28) isminimal,
i.e., there is no nonzero stabilizing element of lower weight. In fact, we show
that the LU stabilizer algebra is 1-dimensional, so that all stabilizing algebra
elements are proportional to
∑
j(Xaj −Xbj ). We state this fact here, and the
proof is in the appendix.
(5.9) Proposition. Let r ≥ 2 be a positive integer, and let G be the hyper-
graph described above with 4r vertices (26) and 4r hyperedges (27) with corre-
sponding hypergraph state |ψG〉 and LU stabilizer algebra KψG . Then KψG is
1-dimensional, with basis element
r∑
j=1
(Xaj −Xbj ).
This establishes that there is no upper bound to the weights of generators of
LU stabilizers of hypergraph states. It also establishes the existence of an infi-
nite family of hypergraph states that are LU-inequivalent to graph states (LU
stabilizers of graph states are generated by weight 2 elements).
6 Symmetric hypergraph states
While the LU stabilizer algebra Kψ recovers a great deal of the structure of the
LU symmetry group Stabψ, the exponential map M → exp(M) maps all of Kψ
surjectively onto the connected component of Stabψ that contains the identity.
In general, Stabψ is a (semidirect) product
Stabψ = exp(Kψ)×H
where H is a finite group (see, for example [19]).
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Figure 9: The 4-qubit 3-complete hypergraph (left) and its Majorana points on
the Bloch sphere (right).
There is good reason to be interested in the discrete group H . The theory and
applications of graph states rest on the discrete Pauli stabilizer group, which is
a finite subgroup of size 2n of the LU stabilizer of an n-qubit graph state |ψ〉,
for which Kψ may be trivial.
In general, finding H is difficult, but in the special case of permutationally
invariant states (that is, invariant under any permutation of the qubits), also
called symmetric states, affords additional structure that makes it possible to
find discrete symmetries. We begin with an example. Consider the 4-qubit
hypergraph on vertices 1, 2, 3, 4 with hyperedges 123, 124, 134, 234. Because the
hypergraph is 3-uniform and has all possible hyperedges of size 3, it is clear
that the state is permutationally invariant. This state, which we call the 3-
complete 4-qubit hypergraph state, has the following properties (the proof is in
the appendix). See Figure 9.
(6.10) The 4-qubit 3-complete hypergraph state. The 4-qubit 3-complete
state is the symmetrization
α
∑
π∈S4
∣∣ψπ(1)〉 ∣∣ψπ(2)〉 ∣∣ψπ(3)〉 ∣∣ψπ(4)〉
of the product of four 1-qubit states |ψ1〉 , |ψ2〉 , |ψ3〉 , |ψ4〉 that lie on the corners
of a rectangle inscribed on a great circle of the Bloch sphere. Here, S4 denotes
the group of permutations of the vertices, and α is a normalization factor. The
4-qubit 3-complete state has a 4-element discrete symmetry group correspond-
ing to the symmetries of the rectangle: the identity, Y ⊗4, (aX + bZ)⊗4, and
(−bZ+ aX)⊗4. The three nontrivial symmetries correspond to the Bloch sphere
rotations that are half-turns, respectively, about the Y axis, an axis in the X,Z-
plane, and another axis in the X,Z-plane perpendicular to the first.
Two important features of this example hold in general. First, it is clear that
if we choose integers m1,m2, . . . ,mr in the range 1 ≤ mk ≤ n, and choose
the hyperedges of an n-vertex hypergraph to be all possible subsets of sizes
m1,m2, . . . ,mr, then the resulting hypergraph state is permutationally invari-
ant. Conversely, if a permutationally invariant hypergraph state has a hyperedge
of size m, then all subsets of the vertex set with size m must also be hyperedges.
We record this observation.
(6.11) Proposition/Definition. An n-qubit hypergraph state |ψ〉 is permu-
tationally invariant if and only if there are integers m1,m2, . . . ,mr in the range
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1 ≤ mk ≤ n such that the hyperedges of |ψ〉 are all possible subsets of the vertex
set of sizes m1,m2, . . . ,mr. We call such a state the (m1,m2, . . . ,mr)-complete
n-qubit hypergraph state.
Second, it is clear that for any choice of n 1-qubit states |ψ1〉 , . . . , |ψn〉, the
symmetrized product
α
∑
π∈S4
∣∣ψπ(1)〉 ∣∣ψπ(2)〉 · · · ∣∣ψπ(n)〉 (29)
(where α is a normalization factor) is permutationally invariant. Not obvious,
but true nonetheless, is that the converse holds (see, for example, Bastin et
al. [20]).
(6.12) Proposition. Let |ψ〉 be an n-qubit permutationally invariant state.
Then there exist n 1-qubit states (not necessarily distinct) such that |ψ〉 is their
symmetrized product as in (29) above.
The 1-qubit states whose symmetrized product is |ψ〉 are called the Majorana
points for |ψ〉.
The correspondence between symmetric states and Majorana points is the fol-
lowing. Given a symmetric state |ψ〉 = ∑I |I〉 expanded in the computational
basis, permutation invariance implies that if wt(I) = wt(J), then cI = cJ (wt(I)
denotes the Hamming weight, or number of 1’s, in the bit string I). Gathering
terms |I〉 by weight, we may write |ψ〉 as a sum
|ψ〉 =
n∑
k=0
dk
∣∣∣D(k)n 〉 (30)
where
∣∣∣D(k)n 〉 denotes the weight k Dicke state∣∣∣D(k)n 〉 = 1√(
n
k
) ∑
I : wt(I)=k
|I〉 . (31)
Let λ1, . . . , λn be the roots (not necessarily distinct) of the polynomial
p(z) =
n∑
k=0
(−1)k
√(
n
k
)
dkz
k (32)
(called the Majorana polynomial for |ψ〉). The Majorana points for |ψ〉 are the
inverse stereographic projections of the conjugate roots λ∗k.
Here is an immediate consequence of the Majorana construction.
(6.13) Observation. Among all symmetric states, symmetric hypergraph
states are characterized by either of the following properties.
(i) The coefficient dk in the Dicke basis expansion (30) satisfies
√
2ndk =
±
√(
n
k
)
.
(ii) The coefficient of zk in
√
2np(z), where p(z) is the Majorana polyno-
mial (32), are ±(nk).
Lyons et al., LU symmetries of hypergraph states 14
m = 3
n = 510
m = 255
n = 511
m = 256
n = 511
m = 128
n = 256
m = 65
n = 384
m = 65
n = 95
m = 32
n = 79
m = 16
n = 6
Figure 10: Majorana configurations with half-rotation about X- and Y -axes
(about the red and green dots, respectively, in the color version) symmetry,
corresponding to some n-qubitm-complete hypergraph states with X⊗n or Y ⊗n
symmetry.
LU symmetries for the symmetric state |ψ〉 are captured in the Majorana point
configuration picture as follows (see [21] Theorem 2).
(6.14) Proposition. Let |ψ〉 be a symmetric state such that Kψ = 0. The
local unitary group element g = (eiθ, g1, g2, . . . , gn) stabilizes |ψ〉 if and only if
g1, acting as a rotation of the Bloch sphere, permutes the set of Majorana points.
Moreover, we have
eiθ ⊗ g1 ⊗ · · · ⊗ gn = (g1)⊗n.
Comment: Because an n-qubit m-complete state has no shared reduced sets,
results (5.4) and (6.11) imply that the hypothesis Kψ = 0 is satisfied for any
symmetric hypergraph state with the smallest m ≥ 3.
Figure 10 shows computer generated plots of Majorana configurations for some
symmetric hypergraph states. Notable in our searches so far is that all the
symmetries we have found are order 2, that is, half rotations about some axis of
the Bloch sphere. Also interesting is that this half rotation is the only nontrivial
element of all the LU symmetry groups we have found so far, with the exception
of the 4-qubit 3-complete state that has a 4-element symmetry group.
A computer plot of Majorana points can suggest possible symmetries, but is
not a proof. At present, we do not have a general method for proving the
existence or nonexistence of discrete LU symmetries for symmetric hypergraph
states. However, we do have proof methods for some specific families stabilized
by X⊗n and Y ⊗n. Here is a statement. [Note: The proof in the appendix
amounts to the study of the palindromic (or antipalindromic) properties of the
state vector. This reduces, in turn, to a study of patterns in the mod 2 Pascal’s
triangle. A delightful 1852 result of Kummer, giving a criterion that determines
evenness or oddness of binomial coefficients, provides the key analytic tool.]
(6.15) Proposition.
(a) Let j ≥ 1, ℓ ≥ 0, let m be in the range 0 ≤ m ≤ 2j − 1 and let n =
(ℓ + 1)2j +m − 1. The n-qubit m-complete hypergraph state is stabilized
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by X⊗n.
(b) Let j ≥ 1, ℓ ≥ 1 be odd, let m = 2j and let n = (ℓ + 1)2j +m− 1. Then
the computational basis state vector for the n-qubit m-complete hypergraph
state is stabilized by X⊗n.
(c) Let j ≥ 1, let ℓ ≥ 0 be even, let m = 2j and let n = (ℓ+1)2j+m−1. Then
the computational basis state vector for the n-qubit m-complete hypergraph
state is stabilized by −X⊗n.
(d) For j ≥ 1, ℓ ≥ 1, let n = 2j+1ℓ and let m = 2j+1. The n-qubit m-complete
hypergraph state is stabilized by Y ⊗n.
It is interesting to note that the family in part (c) of the above proposition, which
we discovered by searching for discrete symmetries in symmetric hypergraph
states, is precisely the same as the family in equation (53) in [8] used to construct
contextuality inequalities.
7 Reduced Density Matrices
In this section we study the partial trace operation on hypergraph states and
use the results to make a statement about reconstructing an n-qubit hypergraph
state from one of its (n− 1) qubit reduced density matrices.
Given an n-vertex hypergraph G = (V,E) and a choice of a vertex a ∈ V , there
are two natural ways to construct an (n − 1)-vertex hypergraph with vertex
set V \ {a}. One is to delete all the hyperedges that contain a and keep all
the others. Another is to shrink all the hyperedges by simply omitting a from
all the hyperedges in which it appears (in the case that there are hyperedges
f, g such that f = g \ {a}, we discard both f, g \ {a} because Cf = Cg\{a}
so CfCg\{a} = 1). See Figure 11 for examples. The delightful trace result is
that tracing the density matrix ρG over the qubit a is the equal mixture of the
two hypergraph states formed by deleting and shrinking. Here is the formal
statement (the proof is in the appendix). We write ρG to denote the density
matrix |ψG〉 〈ψG|.
(7.16) Proposition (partial trace over one qubit). Let G = (V,E) be an
n-qubit hypergraph state. Define (n − 1)-vertex hypergraphs DaG and SaG (D
for ‘delete’ and S for ‘shrink’) by
DaG = (V \ {a}, {e ∈ E : a 6∈ e})
SaG = (V \ {a}, {e ∈ E : a 6∈ e} △ {e \ {a} : a ∈ e ∈ E})
(where A △ B denotes the symmetric difference A \ B ∪ B \ A of sets A,B).
Then we have
tra ρG =
1
2
(ρDaG + ρSaG) . (33)
In particular, the partial trace over any one qubit of a hypergraph state is a
mixture of hypergraph states. It follows that the partial trace over any subsystem
of a hypergraph state is a mixture of hypergraph states.
We can think of the operators Da, Sa as operators on the space of density
matrices of hypergraph states, so that the trace formula (33) can be written
tra =
1
2
(D1 + S1). (34)
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D1

1 3
2
 = ( 2 3 )
S1

1 3
2
 = ( 2 3 )
Figure 11: Examples of delete and shrink operators
It is clear that DiDj = DjDi for i 6= j, and likewise, it is clear that the pairs
Di, Sj and Si, Sj commute for i 6= j. Thus, it makes sense to write Dij to denote
the product DiDj , and so on. In general, given a subset U of the set of qubits
{1, 2, . . . , n}, we write
DU =
∏
a∈U
Da (35)
SU =
∏
a∈U
Sa. (36)
Using this notation, we can write the partial trace over two qubits, say qubits
1, 2, as follows.
tr1,2 =
1
4
(D1 + S1)(D2 + S2) (37)
=
1
4
(D1D2 +D1S2 + S1D2 + S1S2) (38)
=
1
4
(D12 +D1S2 +D2S1 + S12) (39)
In general, we have the following expression for partial trace over a subsystem
U ⊆ {1, 2, . . . , n}.
trU =
1
2|U|
∑
T⊆U
DTST c (40)
See Figure 12 for examples, shown using a diagram shorthand where the picture
of a hypergraph denotes the density matrix of the corresponding hypergraph
state.
As an application, we consider the question of reconstructing an unknown hy-
pergraph state from its (n − 1)-party reduced states. That is, if we are given
tra ρG can we say what G is? First, we answer the question of how different two
mixtures of hypergraph states can be, when each is a mixture of two hypergraph
states. The proof is in the appendix.
(7.17) Proposition. Let H,K,H ′,K ′ be hypergraphs, and suppose that
ρH + ρK = ρH′ + ρK′ .
Then either
(a) |ψH〉 = |ψH′ 〉 and |ψK〉 = |ψK′〉, or
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tr1

1 3
2
 = 1
2
(
2 3
)
+
1
2
(
2 3
)
tr1
 1
2
3
4
 = 12

2
3
4
+ 1
2

2
3
4

tr1,2
 1
2
3
4
 = 1
4
(
3
4
)
+
1
4
(
3
4
)
+
1
4
(
3
4
)
+
1
4
(
3
4
)
Figure 12: Partial trace “diagram calculus” examples
1
2
( 32 )
+
1
2
(
32
)
=

tr1
 3
2
1

tr1
 3
2
1

Figure 13: Example: possible hypergraphs sharing the same (n − 1)-qubit re-
duced density matrices
(b) |ψH〉 = |ψK′〉 and |ψK〉 = |ψH′ 〉.
Here is the result on how an n-qubit hypergraph state is determined by its
(n− 1)-qubit reduced density matrices (the proof is in the appendix).
(7.18) Proposition. Suppose that tr1 ρG =
1
2 (ρH + ρK). Then |ψG〉 is either
1.
1√
2
(|0〉|ψH〉 ± |1〉|ψK〉), or
2.
1√
2
(±|1〉|ψH〉+ |0〉|ψK〉)
where the ‘±’ sign is −1 if {1} is a hyperedge in G and is +1 otherwise.
Figure 13 illustrates the two possibilities in the case that {1} is not a hyperedge
in G.
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8 Conclusion and outlook
We have calculated the action of an arbitrary local unitary algebra element on a
hypergraph state (Proposition (4.1)), and have used that calculation to describe
the structure of local unitary algebra symmetries of m-uniform hypergraph
states with m ≥ 3 (Propositions (5.2)–(5.4)). Using relations in the algebra
of generalized controlled-Z gates, we have constructed families of states with
high dimensional symmetry groups and with 1-dimensional symmetry groups
generated by elements of high weight (Propositions (5.5)–(5.9)). We have also
presented families of symmetric hypergraph states that have nontrivial discrete
symmetries (Proposition (6.15)). Finally, we have characterized the set of n-
qubit hypergraph states that can share the same (n − 1)-party reduced states
(Proposition (7.18)). Collectively, these results provide an array of tools and
techniques that lead to a series of observations that, admittedly short of a full
classification of hypergraph state multipartite entanglement types, shed new
insights and lead naturally to further development. Some natural follow-up
investigations include the following.
• Find a nice description of the algebra of generalized controlled-Z gates.
For example, characterize it by giving generators and relations.
• All discrete symmetries of permutationally invariant states that we have
found have order 2. Is this true in general?
• The only permutationally invariant state that we have found whose local
unitary symmetry group has more than two elements is the 4-qubit 3-
complete state. Is this really the only possibility?
• To what extent do reduced density matrices determine a hypergraph state?
How far can our result on (n− 1)-party subsystems be extended?
• What is the connection between the families of states we identify with
X⊗n symmetry and the contextuality results of Gu¨hne et al. [8]?
We expect that further investigations of hypergraph states will continue to bear
interesting results.
Acknowledgments. DWL thanks Barbara Kraus, Mart´ı Cuquet, Marcus Hu-
ber, and Ottfried Gu¨hne for stimulating discussions. This work is supported by
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A Proofs of Propositions
Proof of (4.1)
We start with an elementary observation that
∧eI + ∧e\aI = ∧eIa (mod 2) (41)
for all qubits a, hyperedges e, and n-bit strings I = i1i2 · · · in, and where Ia
denotes the n-bit string i1i2 · · · ica · · · in obtained from I by flipping the bit in
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position a. Indeed, if ia = 0, then ∧e\aI = ∧eIa and ∧eI = 0, and if ia = 1
then ∧eI = ∧e\aI and ∧eIa = 0.
Now we derive, starting with (
√
2n times) the left side of (12).
√
2nXa |ψG〉 = Xa
∑
I
(−1)
∑
e∈E ∧eI |I〉 (use (7)) (42)
=
∑
I
(−1)
∑
e∈E ∧eI |Ia〉 (use Xa |I〉 = X |Ia〉) (43)
=
∑
I
(−1)
∑
e∈E ∧eIa |I〉 (44)
=
∑
I
(−1)
∑
e∈E(∧e\aI+∧eI) |I〉 (observation (41)) (45)
=
√
2n
( ∏
e : a∈e
Ce\a
)(∏
e
Ce
)
|+〉⊗n (use (6)) (46)
=
√
2n
( ∏
e : a∈e
Ce\a
)
|ψG〉 (use (3) and (7) again) (47)
This establishes (12). Equation (13) follows immediately from the relation
ZX = iY .
Proof of (5.3)
Applying both sides of (19) to the computational basis vector |0〉⊗n, we get
θ +
∑
a
(ra + ta) = 0. (48)
Applying both sides of (19) to |1b〉, we get
θ +
∑
a
ra − tb +
∑
a 6=b
ta = 0 (49)
(here we use the assumption k ≥ 3 to guarantee that Pa acts on 2 or more
qubits, so that we are certain there are no minus signs on any ra’s in (49)).
Adding (A) plus (49), we conclude that tb = 0. This holds for all qubits b, so
all the coefficients ta are zero. A similar argument, applying both sides of (20)
to |0〉⊗n and |1b〉, shows that all the coefficients sa are zero.
Proof of (5.4)
Proof. Let f be a hyperedge containing vertex b whose reduced set f \ {b} is
not equal to g \ {c} for all qubits c and hyperedges g containing c. Consider
M = (θ +
∑
k rkXk) such that iM ∈ KψG (Theorem (5.3) guarantees that any
stabilizing element is of this form). Applying M to the computational basis
vector |0〉⊗n, we get
θ +
∑
a
ra = 0
and applying M to the computational basis vector
∣∣1f\b〉 yields
θ − rb +
∑
a 6=b
ra = 0
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(by assumption, f \ b is not the reduced set for any qubit except b, and by
assumption of m-uniformity, there is no subset of f \ b that is a reduced set for
any qubit, so rb is the only one of the r coefficients with a minus sign). Adding
these two equations, we get rb = 0. 
Proof of (5.5)
By the definition of essential hypergraph, we have P1 = P2 = · · ·P|Vˆ |, so it is
clear that X1−Xj, which acts by P1−Pj , is a stabilizing element for qubit labels
1, 2 . . . , |Vˆ | of the essential vertices. It remains to be shown that the i(X1−Xj)
form a basis for the entire stabilizer algebra. By theorem (5.3), an arbitrary
stabilizer algebra element is of the form i(θ +
∑
a raXa), where we know that
the index a runs over only the essential vertex set by Proposition (5.4). Thus,
we can take that linear combination
M = θ +
∑
a
raXa +
∑
b6=a
rb(X1 −Xb) = θ +
(∑
a
ra
)
X1
so that iM ∈ KψG . By (18) and (19), we have θ + (
∑
a ra)P1 = 0, so we
conclude that θ =
∑
a ra = 0. This shows that the elements i(X1 −Xj) span
KψG . This completes the proof of the proposition.
Proof of (5.6)
By (5.3) and (5.4), any element M with iM in KψG is of the form M =
θ +
∑
a raXa, where the index a ranges over the essential vertices. Choose
3 essential vertices u, v, w connected by adjacent essential hyperedges uv, vw
(the hypotheses guarantee that this is possible). Let S, T be the reduced sets
corresponding to essential hyperedges uv, vw, respectively. Applying stabilizing
element M to |0〉⊗n, |1S〉, |1T 〉, |1S∪T 〉, we get the following equations (the
hypothesis that shared reduced sets are distinct for different pairs of vertices
guarantees that there are exactly two minus signs in the last three equations).∑
a
ra = 0 (50)
−ru − rv +
∑
a 6=u,v
ra = 0 (51)
−rv − rw +
∑
a 6=v,w
ra = 0 (52)
−ru − rw +
∑
a 6=u,w
ra = 0 (53)
Summing equations, we have ru = rw = −rw, so ru = 0. The same holds for all
essential vertices.
Proof of (5.8)
Let Aj = CS\{2j−1}CS\{2j} and Bj = CS\{2j}CS\{2j⊕1} for 1 ≤ j ≤ r, where
⊕ denotes addition mod 2r, so that the left side of (25) is ∑rj−1(Aj −Bj). For
T ⊆ S of size |T | 6= 2r − 1, we have
Aj |1T 〉 = Bj |1T 〉 = |1T 〉
so
∑
j(Aj−Bj) |1T 〉 = 0. For |T | = 2r−1, say T = S \{k} for some 1 ≤ k ≤ 2r,
we consider two cases. For even k = 2ℓ, we have Aj |1T 〉 = Bj |1T 〉 = |1T 〉 for
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j 6= ℓ and we have Aℓ |1T 〉 = Bℓ |1T 〉 = − |1T 〉, so that
∑
j(Aj − Bj) |1T 〉 = 0.
For odd k = 2ℓ − 1, we have Aj |1T 〉 = Bj−1 |1T 〉 = |1T 〉 for j 6= ℓ and we
have Aℓ |1T 〉 = Bℓ−1 |1T 〉 = − |1T 〉 (where the value of the subscript ℓ − 1 is
understood to be taken mod 2r), so again we have cancellation in pairs
∑
j(Aj−
Bj) |1T 〉 = 0. Thus we see that (25) holds in all cases.
Proof of (5.9)
By (5.3), we may assume that an element of the LU stabilizer algebra KψG has
the form iM for some M of the form
M = θ +
r∑
j=1
(αjXaj + βjXbj ) +
2r∑
k=1
γkXk
for some real θ, αj , βj , γk. We begin by showing that the coefficients γk are all
zero. For 1 ≤ j ≤ r, let |uj〉 and |vj〉 denote the standard basis vectors
|uj〉 =
∣∣1aj∪(S\{2j})〉
|vj〉 =
∣∣1aj∪(S\{2j−1})〉
Consider first the case when k = 2j is even. There are only two hyperedges
that contain aj , and only one of those contains 2j, namely the hyperedge e =
aj ∪ (S \ {2j− 1})). Thus, the operator Ce\{2j} is the only factor in the product
P2j that acts nontrivially on |uj〉 (see (8)). Thus we have
Xk |uj〉 = P2j |uj〉 = − |uj〉
and for ℓ 6= k, we have Xℓ |uj〉 = |uj〉. Thus we have
θ +
∑
j
(αj + βj) +
∑
ℓ 6=k
γℓ − γk = 0. (54)
Applying M to |0〉⊗4r, we have
θ +
∑
j
(αj + βj) +
∑
k
γk = 0. (55)
Adding the two equations above, we get γk = 0. A similar argument using |vj〉
in place of |uj〉 shows that γk = 0 for k odd.
Next, note that
Paj
∣∣1S\{2j}〉 = Pbj ∣∣1S\{2j}〉 = − ∣∣1S\{2j}〉 (56)
and Pc
∣∣1S\{2j}〉 = ∣∣1S\{2j}〉 for c = aℓ, bℓ whenever ℓ 6= j. Adding (56) to (A),
we get αj + βj = 0. A similar argument using
∣∣1S\{2j−1}〉 in place of ∣∣1S\{2j}〉,
gives βj−1+αj = 0. These equations hold for 1 ≤ j ≤ r (where it is understood
that addition and subtraction operations in subscripts are mod 2r), so we have
α1 = −β1 = α2 = −β2 = · · · = αr = −βr.
and θ = 0. This concludes the proof.
Proof of (6.10)
By (6.12) and (6.14), it suffices to show that the Majorana points for the 4-qubit
3-complete hypergraph state are the four corners of a rectangle on a great circle
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of the Bloch sphere that passes through the equatorial points |+〉 , |−〉, which
are the points ±i in the X,Y -plane.
It is straightforward to check that the Majorana polynomial (defined in (32)),
is given by
p(z) =
1
4
(
1− 4z + 6z2 + 4z3 + z4) . (57)
The roots λ, λ∗, µ, µ∗ of
p(z) =
1
4
(λ− z)(λ∗ − z)(µ− z)(µ∗ − z) (58)
(the roots occur in conjugate pairs because the coefficients of p(z) are real)
satisfy the following equations.
|λ|2|µ|2 = 1 (constant term) (59)
|λ|2 Reµ+ |µ|2Reλ = 2 (z term) (60)
Re(λµ) + Re(λµ∗) + |λ|2 + |µ|2 = 6 (z2 term) (61)
Reλ+Reµ+ = −2 (z3 term) (62)
Write λ = reiθ, µ = seiφ. The degree 1 coefficient (60) says
r2s cosφ+ s2r cos θ = 2. (63)
Factoring out rs = 1 (from the degree 0 term (59)) we have
r cosφ+ s cos θ = 2. (64)
The degree 3 term (62) says
r cos θ + s cosφ = 2. (65)
Adding the previous two equations (64) and (65) yields
(r + s)(cos θ + cosφ) = 0 (66)
so that we have
cos θ = − cosφ. (67)
Thus we have
λµ = rsei(θ+φ) = rseiπ = −1 (68)
(again, using rs = 1 from the degree 0 term).
Because stereographic projection preserves circles (see [22, 23]), it suffices to
show that λ, µ, i,−i lie on a circle together (it is trivial then that λ∗, µ∗ also lie
on this circle, and the inverse stereographic projection of this circle is a great
circle on the Bloch sphere that passes through the points |+〉 , |−〉). To show
that this is the case, we use a theorem from Mo¨bius geometry that says four
points z0, z1, z2, z3 in the complex plane lie together on a euclidean circle or
straight line if and only if their cross ratio
(z0, z1, z2, z3) :=
z0 − z2
z0 − z3
z1 − z3
z1 − z2 (69)
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is real (see, for example, Henle [24]). Indeed, we have
(λ, µ, i,−i) = λ− i
λ+ i
µ+ i
λ− i (70)
=
(λµ + 1) + i(λ− µ)
(λµ + 1)− i(λ− µ) (71)
=
i(λ− µ)
−i(λ− µ) (by (68)) (72)
(73)
which is clearly real. Finally, we note that (67) implies that the inverse stereo-
graphic projections of λ, λ∗, µ, µ∗ lie on the intersections of two vertical planes
that make equal angles with the X,Z-plane. This implies that the Majorana
points for |ψ〉 are indeed the four vertices of the claimed rectangle, and the proof
is complete.
Proof of (6.15)
Let |ψG〉 be the n-qubit m-complete hypergraph state, so that we have the
following expansion in the computational basis.
|ψG〉 =
∑
I
(−1)(wt Im ) |I〉 (74)
We begin with the simple observations that X⊗n takes |I〉 to |Ic〉 (where Ic
denotes the bitwise complement ic1i
c
2 · · · icn of the bit string I = i1i2 · · · in) and
Y ⊗n takes |I〉 to in(−1)wt(I) |Ic〉. Thus X⊗n and Y ⊗n take computational basis
vectors with Hamming weight w to Hamming weight n−w, so (74) implies the
following necessary and sufficient conditions.
Observation. The n-qubit m-complete hypergraph state
• is stabilized by X⊗n if and only if(
w
m
)
=
(
n− w
m
)
(mod 2) for all w, 0 ≤ w ≤ n, (75)
• is stabilized by −X⊗n if and only if(
w
m
)
=
(
n− w
m
)
+ 1 (mod 2) for all w, 0 ≤ w ≤ n, and
(76)
• is stabilized by Y ⊗n if and only if n is a multiple of 4 and(
w
m
)
+ w =
(
n− w
m
)
(mod 2) for all w, 0 ≤ w ≤ n. (77)
Another way to state conditions (75) and (76) is to say that the
computational state vector
∑
I cI |I〉 is a palindrome (that is, cI =
cIc for all I) or an anti-palindrome (that is, cI = −cIc for all I),
respectively.
In what follows, we make use of base 2 representations of natural numbers.
Given a nonnegative integer d =
∑r
i=0 di2
i, we will write
d = drdr−1 · · · d2d1d0 (78)
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to denote the base 2 expansion of d as a string of digits di = 0, 1. We allow
“leading zeroes”, i.e., it may be that dr = 0.
We will use the following Fact, which is a consequence of an 1852 theorem of
Kummer [25].
Fact (parity of binomial coefficients). Let r, s be nonnegative
integers with binary expansions r =
∑
i ri2
i, s =
∑
i si2
i. The
binomial coefficient
(
r+s
s
)
is odd if and only if there is no index p
such that rp = sp = 1.
Throughout, let r = w −m, r′ = n− w −m, s = m so that(
w
m
)
=
(
r + s
s
)
and (79)(
n− w
m
)
=
(
r′ + s
s
)
. (80)
Now we proceed with the proof of part (a) of the Proposition. Suppose that
j ≥ 1, ℓ ≥ 0, 0 ≤ m ≤ 2j − 1 and n = (ℓ+ 1)2j +m− 1. We will use the above
Fact to establish (75) by proving the following Claim.
Claim.
(i) Suppose w ≥ m and n−w ≥ m. Then there is no index p such
that rp = mp = 1 if and only if there is no index p such that
r′p = mp = 1. It then follows from the Fact that
(
w
m
)
is odd if
and only if
(
n−w
m
)
is odd.
(ii) Suppose w < m and n−w ≥ m, so that (wm) = 0. Then there is
no index p such that r′p = mp = 1, so that
(
n−w
m
)
= 0 (mod 2)
by the Fact.
(iii) Suppose w ≥ m and n−w < m, so that (n−wm ) = 0. Then there
is no index p such that rp = mp = 1, so that
(
w
m
)
= 0 (mod 2)
by the Fact.
(iv) Suppose w < m and n − w < m, so that (wm) = (n−wm ) = 0.
Then (75) holds trivially in this case.
Let ℓ = ℓsℓr−1 · · · ℓ0 be the base 2 expansion of ℓ (and we allow the possibility
that ℓ = 0 so that ℓs = ℓs−1 = · · · = ℓ0 = 0). Then n−m has the form
n−m = ℓ2j + (2j − 1) (81)
= ℓs · · · ℓ0 11 · · · 1︸ ︷︷ ︸
j 1’s
. (82)
To prove part (i) of the Claim, suppose that there is no index p such rp =
mp = 1, and suppose that mp0 = 1 (note that the hypothesis m ≤ 2j − 1
implies p0 ≤ j − 1). Then rp0 = 0. It follows that wp0 = rp0 +mp0 must be
1 (the hypothesis that there is no p such that rp = mp = 1 means there is no
“carrying” in the binary addition of r and m). We know that m− n has a 1 in
the p0-th position, so the binary digit in the p0-th position of r
′ = n−m−w is
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0. This holds for all p0, so we have established one direction of the if-and-only-if
statement made by part (i) of the Claim. Conversely, suppose there is no index
p such that r′p = mp = 1, and suppose that mp0 = 1. Then r
′
p0 = 0. It follows
that wp0 = 1 (because r
′ = (n−m)−w and n−m has 1 in positions 0 through
j − 1). Since r = w −m, it must be that rp0 = 0. This concludes the proof of
part (i) of the Claim.
Next we consider part (ii) of the Claim. Suppose that w < m. Thus we have
w < 2j − 1, so that r′ = n−m− w has the binary expansion
r′ = n−m− w = ℓs · · · ℓ0wcj−1 · · ·wc0 (83)
(where wck denotes the bit complement of the base 2 digit wk). We wish to show
that there is an index p such that r′p = mp = 1. Suppose on the contrary that
there is no index p such that r′p = mp = 1. Then mp = 1 only when w
c
p = 0, so
only when wp = 1. But this implies w ≥ m, which contradicts our assumption.
We conclude that there is an index p such that r′p = mp = 1. This establishes
part (ii) of Claim 1.
The proof of part (iii) of the Claim is similar to part (ii). Supposing that
n−w < m, we have n−w < 2j − 1 so we may write the base 2 expansion using
at most j nonzero digits
n− w = (n− w)j−1(n− w)j−2 · · · (n− w)0 (84)
and thus we have
r = w −m = (n−m)− (n− w) = ℓs · · · ℓ0(n− w)cj−1 · · · (n− w)c0. (85)
We wish to show that there is an index p such that rp = mp = 1. Suppose on
the contrary that there is no index p such that rp = mp = 1. Then mp = 1 only
when (n − w)cp = 0, so only when (n − w)p = 1. But this implies n − w ≥ m,
which contradicts our assumption. We conclude that there is an index p such
that rp = mp = 1. This establishes part (iii) of the Claim, and completes the
proof of part (a) the Proposition.
The proofs of the remaining parts (b)–(d) of the Proposition use similar logic.
Rather than give every detail, here is an outline.
For part (b), using ℓ0 = 1, simply note that that arguments in (a) work for
m = 2j by adjoining the jth position. For example, expression (82) is now
ℓs · · · ℓ1 11 · · · 1︸ ︷︷ ︸
(j + 1) 1’s
, the right hand side of (83) is now ℓs · · · ℓ1wcj · · ·wc0, and so
on.
For part (c), assume that m = 2j and ℓ is even. Following the same cases of
the Claim in the proof of part (a), we need only consider position p0 = j as the
only possible location for which mp0 = 1. The case (i) (w ≥ m and n−w ≥ m)
cannot happen if ℓ = 0. If ℓ ≥ 2, it is easy to see that r′j = 1 if and only if
wj = 1 if and only if rj = 0. For the case (ii) (w < m and n − w ≥ m), we
have
(
w
m
)
= 0 and r′j = 0 so
(
n−w
m
)
= 1. Similarly for case (iii) (w ≥ m and
n− w < m), we have (n−wm ) = 0 and rj = 0 so (wm) = 1. Case (iv) (w < m and
n− w < m) cannot happen.
For part (d) of the Proposition, we prove the cases of the following modified
version of the Claim in the proof of part (a) above.
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Claim 2.
(i) Suppose that w is even. If w ≥ m and n − w ≥ m, then
r0 = (w − m)0 = 1 and r′0 = (n − w − m)0 = 1. Thus both
sides of (77) are even. Both sides are also even if w < m or
n− w < m.
(ii) Suppose that w is odd, and suppose w ≥ m and n − w ≥
m. Because m has only two positions with 1’s in its binary
expansion (namely, mj = m0 = 1), and because w is odd, the
position p = j is the only possible location where mp = rp =
r′p = 1 could be satisfied. But it turns out that rj = (w−m)j =
0 if and only if r′j = (n − m − w)j = 1. It follows that (77)
holds. This also holds if w < m or n− w < m.
As in part (a) of the Proposition, the proof of part (b) comes down to a careful
examination of the binary expansion of n−m. From the hypotheses m = 2j+1,
n = ℓ2j+1 for some ℓ ≥ 1, j ≥ 1, we have
n−m = ds · · · d10 11 · · · 1︸ ︷︷ ︸
j − 1 1’s
(86)
where at least one of the dk is nonzero. Part (i) of Claim 2 follows easily from
this. For part (ii) (the w odd case), assuming w ≥ m and n− w ≥ m, we have
∃p : r′p = mp = 1 ⇔ (n−m− w)j = 1
⇔ wj = 1
⇔ (w −m)j = 0
⇔ (w −m)j 6= mj
⇔ 6 ∃p : rp = mp = 1.
For the last bit of part (ii) of Claim 2, we observe that the hypothesis for n,m
imply that we cannot have both w < m and n − w < m hold simultaneously.
Thus, if w < m, we may still apply the first of the string of implications (87)
above. Since wj = 0 (else wj = 1 and w odd implies w ≥ m), we have r′j = 0,
so both sides of (77) are odd. Similarly, if n − w < m, then wj = 1 (else
wj = 0 and w odd implies n−m−w > 0), then the string of implications (87)
implies rj = 0, so both sides of (77) are even. This completes the proof of the
Proposition.
Proof of Proposition (7.16)
Write
|ψG〉 = 1√
2n
∑
I
cI |I〉 (87)
|ψD1G〉 =
1√
2n−1
∑
K
dk |K〉 (88)
|ψS1G〉 =
1√
2n−1
∑
K
sk |K〉 (89)
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so that we have
cI =
∏
e∈E
(−1)∧eI (90)
dK =
∏
e : 16∈e
(−1)∧eK (91)
sK =
∏
e∈E
(−1)∧eK (92)
where we abuse notation to write ∧eK to denote
∏
ℓ∈e\{1} ke
for an (n− 1)-bit string K = k2k3 . . . kn. We can factor cI as
cI =
∏
e∈E
(−1)∧eI =
∏
e : 1∈e
(−1)∧eI
∏
e : 16∈e
(−1)∧eI (93)
so that we have
c0K =
∏
e : 16∈e
(−1)∧e0K = dK (94)
c1K = ±
∏
e : 1∈e
(−1)∧e1K = ±sK (95)
where the sign in the last equation is −1 if {1} is a hyperedge in G and +1
otherwise. Thus we have
(tr1 ρG)K,K′ =
1
2n
(c0Kc0K′ + c1Kc1K′) (96)
=
1
2n
(dKdK′ + sKsK′) (97)
=
1
2
((ρD1G)K,K′ + (ρS1G)K,K′) (98)
as desired.
Proof of Proposition (7.17)
Theorem 2.6 of [11] says there is a 2× 2 unitary matrix
[
a b
c d
]
such that
|ψH〉 = a |ψH′〉+ b |ψK′〉 (99)
|ψK〉 = c |ψH′〉+ d |ψK′〉 . (100)
It is elementary to check that the constraint that all coefficients in a hypergraph
state vector are ± 1√
2n
leads to just two possibilities a = d = 1, b = c = 0 and
a = d = 0, b = c = 1.
Proof of Proposition (7.18)
By (7.17) and (7.16) we have that either H = D1G,K = S1G or H = S1G,K =
D1G. Applying (94) and (95) in the proof of (7.16) above, we have the desired
result.
References
[1] R. P. Feynman. Simulating Physics with Computers. International Journal
of Theoretical Physics, 21:467–488, June 1982.
Lyons et al., LU symmetries of hypergraph states 28
[2] P. W. Shor. Algorithms for quantum computation: discrete logarithms
and factoring. In Proceedings, 35th Annual Symposium on Foundations of
Computer Science. IEEE Press, Los Alamitos, CA, 1994.
[3] M. Hein, J. Eisert, and H. J. Briegel. Multiparty entanglement in graph
states. Phys. Rev. A, 69:062311, Jun 2004.
[4] Ri Qu, Juan Wang, Zong-Bhang Li, and Yan-Ru Bao. Encoding hyper-
graphs into quantum states. Phys. Rev. A, 87:022311, Feb 2013.
[5] Ri Qu, Zong-Shang Li, Juan Wang, and Yan-Ru Bao. Multipartite entan-
glement and hypergraph states of three qubits. Phys. Rev. A, 87:032329,
Mar 2013.
[6] Ri Qu, Yi-Ping Ma, BoWang, and Yan-Ru Bao. Relationship among locally
maximally entangleable states,W states, and hypergraph states under local
unitary transformations. Phys. Rev. A, 87:052331, May 2013.
[7] M. Rossi, M. Huber, D. Bruß, and C. Macchiavello. Quantum hypergraph
states. New Journal of Physics, 15(11):113022, 2013.
[8] O. Gu¨hne, M. Cuquet, F. E. S. Steinhoff, T. Moroder, M. Rossi, D. Bruß,
B. Kraus, and C. Macchiavello. Entanglement and nonclassical properties
of hypergraph states. Journal of Physics A: Mathematical and Theoretical,
47(33):335303, 2014. arXiv:1404.6492 [quant-ph].
[9] Xiao-Yu Chen and Lei Wang. Locally inequivalent four qubit hypergraph
states. J. Phys. A, 47:415304, 2014. arXiv preprint arXiv:1409.0928.
[10] Tatjana Carle, Barbara Kraus, Wolfgang Du¨r, and Julio I. de Vicente. Pu-
rification to locally maximally entangleable states. Phys. Rev. A, 87:012328,
Jan 2013.
[11] Michael A. Nielsen and Isaac L. Chuang. Quantum Computation and Quan-
tum Information. Cambridge University Press, 2000.
[12] Adi Makmal, Markus Tiersch, Vedran Dunjko, and Shengjun Wu. En-
tanglement of π-locally-maximally-entangleable states and the satisfiability
problem. Phys. Rev. A, 90:042308, Oct 2014.
[13] B. Kraus. Local unitary equivalence of multipartite pure states. Phys. Rev.
Lett., 104:020504, Jan 2010. http://arxiv.org/abs/0909.5152.
[14] B. Kraus. Local unitary equivalence and entanglement of multipartite pure
states. Phys. Rev. A, 82:032121, Sep 2010. http://arxiv.org/abs/1005.5295.
[15] A. M. Martins. Necessary and sufficient conditions for local unitary equiv-
alence of multi-qubit states, 2014. arXiv:1408.3840.
[16] Zhengfeng Ji, Jianxin Chen, Zhaohui Wei, and Mingsheng Ying. The LU-
LC conjecture is false. Quantum Inf. Comput., 10(1&2):97–108, 2010. arXiv
preprint arXiv:0709.1266.
[17] Curt D. Cenci, David W. Lyons, and Scott N. Walck. Local unitary group
stabilizers and entanglement for multiqubit symmetric states. In Dave
Bacon, Miguel Martin-Delgado, and Martin Roetteler, editors, Theory of
Quantum Computation, Communication, and Cryptography, volume 6745
of Lecture Notes in Computer Science, pages 198–207. Springer, March
2014. arXiv:1011.5229v1.
Lyons et al., LU symmetries of hypergraph states 29
[18] D. H. Zhang, H. Fan, and D. L. Zhou. Stabilizer dimension of graph states.
Phys. Rev. A, 79:042318, Apr 2009.
[19] Theodor Bro¨cker and Tammo tom Dieck. Representations of Compact Lie
Groups. Springer-Verlag, New York, 1985.
[20] T. Bastin, P. Mathonet, and E. Solano. Operational entanglement families
of symmetric mixed n-qubit states. November 2010. arXiv:1011.1243v1
[quant-ph].
[21] Curt D. Cenci, David W. Lyons, Laura M. Snyder, and Scott N.
Walck. Symmetric states: local unitary equivalence via stabilizers.
Quantum Information and Computation, 10:1029–1041, November 2010.
arXiv:1007.3920v1 [quant-ph].
[22] Marcel Berger. Geometry: Vol. 1. Springer-Verlag, 1987.
[23] Marcel Berger. Geometry: Vol. 2. Springer-Verlag, 1987.
[24] Michael Henle. Modern Geometries: Non-Euclidean, Projective, and Dis-
crete. Prentice Hall, 2 edition, 2001.
[25] E.E. Kummer. U¨ber die Erga¨nzungssa¨tze zu den allgemeinen Re-
ciprocita¨tsgesetzen. Journal fu¨r die reine und angewandte Mathematik,
44:93–146, 1852.
